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Uncertainty Modeling for Multivariable-Control Robustness
Analysis of Elastic High-Speed Vehicles

Frank R. Chavez¤ and David K. Schmidt†
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High-speed (supersonic or hypersonic) atmospheric � ight vehicles are typically characterized by a signi� cant
degree of interaction between the highly elastic airframe and the propulsion system. To achieve adequate stabil-
ity and performance requirements, robust, integrated multivariable control laws will be required. But to apply
robust-control analysis or synthesis techniques such as structured-singular-value techniques (¹) or quantitative
feedback theory, the uncertainty in the plant dynamicsmust be characterized in special ways. Furthermore, certain
assumptions regarding the uncertainties present are frequently made in the application of these techniques. The
focus of this research is the development of uncertainty models for this class of � ight vehicle that are derived from
the physics of the system, yet are compatible with the cited control synthesis techniques. The potential sources
of uncertainty for this class of vehicle are discussed, and three forms of uncertainty models are developed: real
parameter, unstructured, and structured. We are especially interested in how the usual sources of uncertainty man-
ifest themselves in this context. It will be shown that for this class of vehicle care is required in making the usual
assumptions regarding the uncertainty. It is also shown that the � exible degrees of freedom must be considered in
the � ight-control synthesis for this class of vehicle.

Nomenclature
Ad = diffuser area ratio
h = altitude
Iyy = vehicle y-axis moment of inertia
K1.s/ = control-compensationmatrix in feedback path
K2.s/ = control-compensationmatrix in the feedforward path
M = vehicle � ight Mach number
Pm f = fuel mass � ow rate
nx = axial acceleration
nz = normal acceleration
P2 = combustor inlet pressure
q = vehicle pitch rate (rigid body)
qa = vehicle pitch rate, measured at vehicle aft body

location
q f = vehicle pitch rate, measured at vehicle forebody

location
Theng = engine thrust
u = vehicle � ight velocity
® = angle of attack (rigid body)
®m = angle of attack, measured at vehicle forebody
1 = general uncertainty matrix
1¿1 , 1¿2 = elastic mode shape, forebody/afterbody angular

de� ection
±pitch = pitch control surface de� ection
³ = invacuo elastic mode damping
´ = generalized elastic coordinate
µ = pitch attitude
! = invacuo elastic mode frequency

Introduction

R ECENTLY, there has been signi� cant interest in the aerospace
community concerning next-generation high-speed atmo-

spheric � ight vehicles such as the High-Speed Civil Transport1

and hypersonic vehicles similar to the National Aerospace Plane
(NASP).2 At issue here is the control of these systems, which have
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been shown to exhibit a signi� cant degree of dynamic interaction
between the elastic airframe and the propulsionsystem.3¡11 As a re-
sultof these interactionsit will be necessaryto employmultivariable
control laws to achieve stability and/or performance requirements
imposed on the system.10;11 An important issue, then, is the robust-
ness of the resulting control law in the presence of vehicle model
uncertainty.

In the course of investigating the issues with regard to control
laws for these vehicles, researchershave focused a signi� cant effort
on characterizingthe airframe/engine interactions just noted and on
understanding the physical genesis of these interactions.3;12¡16 For
example, in a previous paper,3 the authors have presented an ana-
lytical (rather than numerical) model for the � ight dynamics of an
elastic hypersonic vehicle that includes aeroelastic as well as aero-
propulsive interactionscharacteristicof this class of vehicle. In this
paper, the uncertaintycharacterization,or modeling, for use in mul-
tivariable stability/performance robustness analysis is addressed.

The many advances in multivariablerobustness theory have been
widely reported in the literature and are � nding their way into texts
and monographs.17¡19 These advancesoffer the promiseof powerful
tools for evaluating multivariable systems. But to apply these tools
characteristic forms of the model uncertainty are assumed to be
available. The existence of a valid uncertaintymodel in an assumed
formis, however,opento question,and this issuehas receivedfar less
attention in the literature. When uncertainty models are discussed,
they are typically overly simplistic and not well supported by the
physics of the system under study.

Many research issues remain in the area of uncertaintymodeling
of real systems, and this paper focuses on several of those issues.
For example, the unstructured uncertainty model may not be sta-
ble or square, as is typically assumed. Also, the development of a
structured uncertainty model may involve several assumptions and
approximations that are not true in general. In this investigation,
the physical sources of uncertainty for the class of vehicle under
study are discussed. Next, three forms of uncertainty models are
developed—real parameter, unstructured, and structured—and the
necessary assumptions leading to the various models are discussed.
These models are then analyzed to further characterize the uncer-
tainty for this vehicular system. It is shown that the parametric un-
certainty in the model manifests itself as large uncertainty over a
wide frequency range, with peak uncertaintymagnitude centeredat
the modal frequencyof the modeledaeroelasticmode. In spite of the
fact that the modal frequencyand damping are considereduncertain
parameters, it is also shown that making a rigid-body assumption
for the purpose of control synthesis is not justi� ed for this class
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of vehicle. Finally, a comparison of the relative size of uncertainty
arising from the various sources is presented.

Robustness Criteria
For multivariable robustness analysis, the uncertainty must be

represented as some form of structured uncertainty, unstructured
uncertainty, or some combination.17¡19 As an example in the fre-
quency domain, if G is a system transfer-functionmatrix, then the
following forms of uncertainty are typically considered:

Additive uncertainty:

G D NG C 1a (1a)

Input multiplicative uncertainty:

G D NG.I C 1i / (1b)

Output multiplicative uncertainty:

G D .I C 1o/ NG (1c)

where G represents the (uncertain) model of the true system,
whereas NG is the known nominal model for the system. The ma-
trices 1a , 1i , and 1o then represent unstructuredor structured un-
certainty, where unstructured implies that the elements of 1a , 1i ,
and 1o are arbitrary, mutually independent, complex numbers, but
that the matrix satis� es some bound. For a structuredrepresentation
of uncertainty, it is assumed that speci� c sources of uncertaintycan
be identi� ed and represented, which leads to the matrices 1a , 1i ,
and 1o taking on a speci� c structure, such as block diagonal or
real valued. For either structuredor unstructureduncertainty,Fig. 1
indicates how such uncertainty can be represented in the feedback
system,usingwhat is referredto as a linearfractionaltransformation
(LFT).17;19 Construction of these LFTs will be discussed later.

Stability Robustness
The appropriate multivariable stability criterion depends on the

form of uncertainty representation chosen. For example, if the un-
certain 1 matrix in Fig. 1 is assumed to be unstructured (i.e., all
elements are complex and mutually independent), application of
the generalized Nyquist theory leads to the following criteria17:

N¾ .Q221/ < 1; 8! or N¾ .Q22/ N¾.1/ < 1; 8! (2a)

where N¾ denotes the maximum singular value. If the uncertain ma-
trix 1 has some known structure, the Nyquist theory leads to the
following stability criteria:

kQ22k¹ D sup
!

¹.Q22/ < 1=±; k1k1 · ± (2b)

where ¹.Q22/ is the structured singular value of Q22 with respect
to the structure of 1, and k1k1 D sup! N¾ .1/.

All of the preceding criteria guarantee, under the usual assump-
tions of the Nyquist theory, that if the inequality is satis� ed, stability
of the closed-loop system is assured in the presence of the uncer-
tainty1. Note that these inequalitiesare functionsof theuncertainty.
Clearly, the larger the uncertainty 1, the more dif� cult it will be to
satisfy the preceding inequalities for all frequencies.The second of
the expressions in Eq. (2a) may be used if nothing is known about
the uncertainty other than the bound on 1. However, this is quite

Fig. 1 Representations of model uncertainty.

conservative if the actual uncertainty has some structure, which is
usually the case.

It is important to recall two necessary assumptions on which the
Nyquist theory depends: that the nominal closed-loopsystem is sta-
ble and that over the range of the uncertaintythe number of unstable
poles of the system remains invariant.17 Frequently, this latter as-
sumption is guaranteed under the more restrictive assumption that
the uncertainty 1 is stable. Finally, a third assumption regarding
the structured uncertainty model, independent from the preceding
ones, is that the sources of uncertainty are independent. (Note here
the various assumptions regarding existence and properties of the
uncertainty.)

Performance Robustness
Criteria for performance robustness (which includes stability

robustness as a requirement) may also be cast in a form consis-
tent with the preceding criteria.17;18 The feedback system including
the uncertaintymay againbe consideredin the form shown in Fig. 1.
Note the inputs and outputs r and y are not necessarily the same as
those used for the stability robustness analysis, and so the matrix
Q may be different. Here the inputs and outputs are chosen such
that the performance speci� cation may be stated in the following
form:

kQ11k1 < 1

As discussedin Ref.17or 19,byaddinga � ctitiousuncertaintyblock
1o between the output y and the input r, a performance robustness
criterion may be stated in the form

kQk¹ < 1

with respect to the structure of Q1 D diagf1o; 1g. But again the
uncertaintymust be characterizedsuch that the system may be rep-
resented as in Fig. 1.

Therefore,if theuncertaintycanbe characterizedin a formconsis-
tent with the preceding criteria, these stability/performance criteria
can be used to evaluate the stability/performance robustness of the
multivariable control system.

Constructing the Linear Fractional Transformation
and Scaling

The stability criteria of Eqs. (2a) and (2b) assume the feedback
system may be represented as an LFT. In this section, obtaining
the LFT will be discussed. Assume the nominal system model to
be used in the control law synthesis is denoted NG, with state-space
realization [ NA; NB; NC; ND]. Furthermore, assume the control law to
have the fairly general form u D ¡K1.s/y C K2.s/e. Finally, e is
the output error, or e D r ¡ y.

Stability Robustness Against Unstructured Uncertainty
To apply the criteria in Eq. (2a) the appropriate Q22 matrix must

be developed.The closed-loopsystem and an additive unstructured
uncertain matrix 1a is shown in Fig. 2. After some block diagram
algebra, the following Q22 transfer function matrix is obtained:

Q22 D ¡[I C .K1 C K2/ NG]¡1.K1 C K2/

Now considerthecriteria forguaranteedstabilityconsistingof the
� rst of Eq. (2a) with 1 taken to be 1a . The maximum singularvalue
on the left of the inequality depends on the units of the input and
output signals of the system NG . One approach to minimize con-
servatism in this stability criterion is to insert scaling matrices, as
shown by the dashed blocks of Fig. 2, and to select the scaling to
minimize the maximum singular value at each frequency. (Usually
this selection is based on minimizationof the Frobeniusnorm of the
matrix in question,which is computationallymore straightforward.)
Again, if 1a were a square matrix, then selecting Din D Dout D D
leads to a single robustnesscriterion involving D. However, in many
practical situations, 1a is not square, in which case Din 6D Dout.

The stability robustness criterion of Eq. (2a), in conjunctionwith
Fig. 2, results from breaking the feedback loop at the input to 1a

and the matrix (Q221a ) is a square matrix. Similarly, breaking the
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Fig. 2 System representation with unstructured uncertainty.

feedback loop at the output of 1a will yield another stabilityrobust-
nesscriterioninvolvinganothersquarematrix,namely, .1a Q22/. By
using the two scaling matrices Din and Dout, one obtains two sta-
bility robustness criteria in which the appropriate scaling matrix is
used. Breaking the loop at Nz results in the following input stability
criteria:

inf
Din

sup
1a 2 1¤

a

N¾ Din Q221a D¡1
in < 1; 8!

(3a)
Din 2 fdiag[1; d1; d2]I di 2 IR; i D 1; 2g

whereas breaking the loop at Nd results in the following output sta-
bility criteria:

inf
Dout

sup
1a 2 1¤

a

N¾ Dout1a Q22 D¡1
out < 1; 8!

(3b)
Dout 2 fdiag[1; d1; d2; d3; d4; d5; d6; d7]I di 2 IR; i D 1; 2; : : : ; 7g

In Eqs. (3a) and (3b), the 1a is selected to maximize the singular
value, whereas the D scalings are selected to minimize the singular
value for the selected 1a . Finally, because the criteria in Eqs. (3a)
and (3b) are suf� cient conditions for stability robustness, stability
is guaranteed if either of these two criteria is satis� ed.

Stability Robustness Against Structured Uncertainty
For the structured uncertainty model to be presented, the system

open-loop transfer-functionmatrix can be represented as

y

z
D

P11 P12

P21 P22

u

d

where

P11 D NG; P12 D NC .s I ¡ NA/¡1U1 C U2

P21 D V T
1 .s I ¡ NA/¡1 NB C V T

2 ; P22 D V T
1 .s I ¡ NA/¡1U1

and the matrices U1, U2, V1 , and V2 will be de� ned in Eq. (7) in a
later section. The Q22 matrix now becomes

Q22 D P22 ¡ P21[I C .K1 C K2/P11]¡1.K1 C K2/P12

Under the condition that k1k1 < ±, Eq. (2b) guarantees stability
in the presence of the uncertainty 1 (Ref. 17), where ¹.Q22/ is the
structured singular value of Q22 with respect to the structure of 1
to be presented in Eq. (8).

One approximation for ¹.Q22/, similar to the D scaling used
earlier, is

¹.Q22/ · inf
D

N¾ DQ22 D¡1

where D here has the same block diagonal structure as 1. Another
easily computed approximation can also be used here because the
blocks that make up 1 are scalar.17;20 This approximation is

¹.Q22/ · inf
D

N¾ DQ22 D¡1 · Ņ .jQ22j/

where Ņ .jQ22j/ is the maximum eigenvalue of the absolute value
(or the Perron eigenvalue) of Q22.

Study Vehicle and Sources of Uncertainty
A generic hypersonicvehicle with geometry similar to that of the

X -302 is to be considered as an example case study. The numer-
ical results to be presented correspond to a vehicle con� guration
similar to that considered in Ref. 3, where in this model only one
elastic degree of freedom is included. The vehicle’s geometry and
mass propertiesare as follows:vehiclelength D 150 ft, ! D 18 rad/s,
weight D 300,000 lb, ³ D 0:02, Iyy D 20 £ 106 slug-ft2 , and 1¿1 D
1¿2 D 1deg.The linearizeddynamics,referencedto a Mach8 steady
level � ightconditionat 100,000-ftaltitude,aregiven in AppendixA.

The forces and moments on the vehicle arise due to the pres-
sure distribution acting over the surface, which is due to aerody-
namic and propulsive effects. These forces and moments are then
functions of dynamic pressure, Mach number, vehicle geometry,
structural deformation, and orientation of the vehicle with respect
to the relative wind vector. As shown in Ref. 3, the resulting dy-
namics are expressible, after linearization, in terms of over 25 dif-
ferent stability derivatives. In Ref. 3, analytical expressions were
derived for all of the stability derivatives. These expressions are
nonlinear functionsof vehicle geometry and mass properties,atmo-
spheric pressure, structural-vibrationmode shapes, and � ight Mach
number.

The system dynamicsare also a functionof the invacuostructural-
vibration modal frequencies ! and dampings ³ . For example, two
elements of the system dynamic matrix in Appendix A are given
next as

A.7; 6/ D .1=m¤/F´ ¡ !2; A.7; 7/ D .1=m¤/F Ṕ ¡ 2»! (4)

It is further noted that the system-dynamic matrices A and B are
full, and therefore the elastic and rigid-body degrees of freedom
are fully coupled. This is in contrast to models of isolated elastic
structuresthat are frequentlyexpressedas diagonal systems exhibit-
ing little coupling. Finally, the mode shapes appear throughout the
system’s A, B, C , and D matrices because the surface pressures
arising from aerodynamic and propulsive effects are dependent on
the vehicle shape, which is in turn affected by the vehicle’s elastic
deformation.

Therefore, one important source of uncertainty is the vehicle’s
structural dynamic characteristics. First, any neglected elastic de-
grees of freedom would constitute unmodeled dynamics, and to as-
sume that the vehicle is rigid would be to neglect all elastic degrees
of freedom. Furthermore, any elastic degrees of freedom that are
included in the model are imperfectly modeled, giving rise to errors
(or variations from nominal) in the invacuo structural mode shapes,
vibration modal frequencies!, and dampings ³ . Variations in these
parameters are of course due to variations in the mass and stiff-
ness properties of the structure and/or errors in the model of these
structuralproperties.Note here that theseparameters are not strictly
mutually independent because they all depend on the structural-
stiffness and mass distributions.However, if the mass and stiffness
matrices may vary due to a variety of reasons (e.g., changes in mass
distribution or vehicle con� guration), the modal parameters may
reasonably be assumed to be independent if the variations are suf� -
ciently small.

Other sources of uncertainty are the errors in predicting (or vari-
ations from nominal in) the pressure distribution that, when inte-
grated, leads to the generalized forces and moments acting on the
elastic structure. Such errors lead directly to errors in the stabil-
ity derivatives, as expressed in Eqs. (4), for example. One could
attempt to model this uncertainty as variations in the vehicle’s sta-
bilityderivatives,as in Ref. 21. However, the stabilityderivativesare
not mutually independenteither because all depend on the pressure
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distribution. However, some stability derivatives may be assumed
independent, such as those modeling the control power (force or
moment) of an aerodynamic control surface.

The pressuredistribution,consideredas the sourceof uncertainty,
is expressible in terms of the freestream pressure P1 modi� ed by a
spatially varying pressure coef� cient C p.x; y; z/. One could then,
for example, treat variations in pressure distribution as a (real or
� ctitious) variation in P1 or as functional variations in the pres-
sure coef� cient, depending on the true source of uncertainty being
modeled.

Until now, we have discussed sources of uncertainty associated
with the aerodynamic and structural dynamic characteristicsof the
system. There is, of course, uncertainty associated with model-
ing of the propulsion subsystem. As shown in Ref. 3, the com-
bustor inlet pressure and engine thrust are functions of the engine
inlet conditions and the engine control inputs: diffuser area ratio
and fuel mass � ow rate. The inlet conditions to the engine depend
on the aerodynamics and structural dynamics of the vehicle fore-
body; hence, uncertainty in the inlet conditions has already been
accounted for. Additional uncertainty associated with the propul-
sion system may be represented as uncertainty in engine control
power.

A fourth source of uncertainty is the variation in mass properties
over the � ight envelope, including the generalized masses of any
modeled elastic degrees of freedom. These mass properties appear
as lumped parameters in the model and affect all of the stability
derivatives.

Although not exhaustive, this discussion highlights the major
sources of uncertainty in the vehicle airframe model. Uncertain-
ties in the sensors, actuators, and control hardware have not been
addressed but may also be signi� cant.

Uncertainty Model
Parameter Uncertainty

Based on the preceding discussion, the following parameters
could be considered as uncertain: freestream atmospheric pres-
sure P1 ; surface pressure coef� cient C p.x; y; z/; aerodynamicand
propulsive control power coef� cients . /±pitch , . /Ad, and . / Pm f , re-
spectively;structuralmode frequency,damping, and mode shape !,
³ , 1¿1, and 1¿2, respectively; and mass, inertias, and generalized
masses m , Iyy , and m¤, respectively.

Let the parameter uncertainty, in general, be denoted as a vector
of uncertain parameters p. In the numerical results to follow, the
following parameters are treated as uncertain and are assumed to
lie within the following ranges (here an uncertaintyof 10 or 20% is
assumed, based on limited experience with this class of vehicle; as
more experimental and analytical data become available for these
systems, better estimates of the anticipated uncertainty should be
developed): p1 D fP1; !; ³; 1¿1; 1¿2g — §10% of nominalvalue,
and p2 D felevator control power, diffuser control power, fuel � ow
control powerg — §20% of nominal.

Unstructured Form of Uncertainty
If the system transfer-functionmatrix G is square and invertible,

any of the forms of unstructured uncertainty model discussed in
earlier sections may be used. Frequently, applicationsof multivari-
able robustness theory treat only square systems. However, in many
cases, two or more measured outputs may be blended to form a sin-
gle feedback signal to a particular control input, which gives rise to
a nonsquare system matrix. For example, in Ref. 6 forebody pitch
rate, aft body pitch rate, and normal acceleration measurements are
blendedand fed back to the pitch control input for attitude stabiliza-
tion and structural mode augmentation. It might be argued that this
blendedoutputcan be incorporatedinto the system transfer function
matrix to form an equivalentsquaresystem.But in general this is not
appropriate because constants or compensators used in the blend-
ing are control law dependent.Therefore, if G for the system under
consideration is not square, only the additive form of uncertainty
1a , Eq. (1), may be used.

The additive uncertaintymatrices 1a to be obtained will include
effects of both neglecteddynamicsas well as parameteruncertainty.
The technique is as follows. Variations in the parameter vector of

interest p give rise to variations in the system’s state-space quadru-
ple, [A; B; C; D], or equivalently in the system transfer-function
matrix, G D C.s I ¡ A/¡1 B C D. Let the nominal values for the
parameters be denoted Np, which in turn leads to the nominal sys-
tem model NG. Then if the actual system is denoted as G, which
re� ects the true (but unknown) set of parameter values p plus all
unmodeled dynamics, an additive uncertainty matrix 1a is de� ned
from the relation 1a D G ¡ NG. However, a numerical realization
for such a 1a may not actually be obtained, and so the following
approximation will be used. The parameters in p are treated here as
uncertain but are known to lie in a given range. Let a given set of
values for the parameters in p be denoted as pi , and the associated
model be denotedas G i . Then as the parameters in p are varied over
their respective range, a set of 1a (each found from a G i ) will be
generated.Let this set be denoted as 1¤

a . This uncertain set is taken
to be the additive form of the uncertainty model. It is an uncertain
matrix for which a bound may be estimated. Finally, a � nite set of
unmodeled degrees of freedom may be speci� cally treated in this
fashion by including them in each G i generated as before.

If the bound is taken as the maximum singular value of a matrix
N¾ . /, then for each pi (and associated G i ) the N¾ .1a/ may be found.
If this process is repeated over the range of parameters p, and over
a range of frequencies, then the bound

N¾ 1¤
a ´ sup

pi

N¾ .1a/ (5)

may beestimatednumericallyand plottedas a functionof frequency.
Although variations in p may be the genesis of an uncertain ma-

trix 1¤
a , this matrix will have no speci� c structure. It will be fully

populated with complex elements. However, the elements are not
all truly mutually independent, and so here we will consider a 1¤

a
generated in this fashion as a special unstructuredrepresentationof
the parameteruncertainty.Such an additiveunstructureduncertainty
model may be used to represent unmodeled dynamics, as well as
errors, or variations, in system parameters. One application of this
additive unstructured uncertainty model is in the determination of
the frequency range where the uncertainty may be largest.

Structured Form of Uncertainty
If the uncertain parameters appear linearly in the system model

or if a block diagram or signal � ow graph can be constructedfor the
system, and if the uncertain parameters are mutually independent,
then an uncertainty matrix 1 can be constructed that will have a
block diagonal structure.17;19;20 Rather than use the block diagram
approach, as in Ref. 20, for example, an alternate technique will be
developed.

From Ref. 3 and the discussion in the previous section we
note that, except for the modal damping, atmospheric pressure,
and control-powercoef� cients, the uncertainparameters considered
here appearneither linearlynor in a consistentform (i.e., in the same
algebraicor trigonometricform) in the system-dynamicmodel. As a
result, uncertaintiesin the parameters in these expressionscannotbe
expressed as simply additive uncertainty in some matrix (i.e., A D
NA C ±1a ) or as multiplicative uncertainty in some matrix (i.e.,
A D NA[I C ±1m ]), where NA is the nominal system dynamic matrix
and ± represents some parametric uncertainty.

However, an approximate structured uncertainty representation
can be obtained. Let the parameter vector p include the un-
certain parameters in the system. As a speci� c example, let
p D p1 D fP1; !; ³; 1¿1; 1¿2g, and let variations in these param-
eters be expressed as ±p D f±p1; ±p2; ±p3; ±p4; ±p5g where

±p1 D
P1 ¡ NP1

NP1
; ±p2 D

! ¡ N!
N!

; ±p3 D
³ ¡ N³

N³

±p4 D
1¿1 ¡ 1¿1

1¿1

; ±p5 D
1¿2 ¡ 1¿2

1¿2

Now the system matrices [A; B; C; D] may be expandedin a Taylor
series in terms of these parameter variations.Assuming further that
the real parameter variation is small, or ±pi ¿ 1, for all i , we may
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Fig. 3 Single-parameter structured uncertainty.

retain only the � rst-order terms in the series as signi� cant. This
yields the following:

A D NA C
5

i D 1

±pi Ai ; B D NB C
5

i D 1

±pi Bi

(6)

C D NC C
5

i D 1

±pi Ci ; D D ND C
5

i D 1

±pi Di

where the overbar indicates the nominal system matrices, and, for
example,

Ai D @ A

@±pi

Now, assume for the moment that there is only one uncertain pa-
rameter ±p1. This uncertaintycan be isolatedas in Fig. 3. Comparing
this � gure with Fig. 1, one sees that this real parameter uncertainty
may be represented as

1 D ±p1 I.2n C 2m/£.2n C 2m/

where n is the number of states and m is the number of outputs.For
the vehicle model being considered, n D 7 and m D 8. Hence, the
size of this uncertainty block is 30 £ 30.

Suppose further that the only element in the system that depends
on p1 is the i; j th elementof A, or A.i; j/. In this case, the elements
of the matrix A1 in Eq. (6) are all zero except for element i; j .
Therefore, the uncertainty in the A matrix due to the uncertainty in
the real parameter ±p1 can be represented as

±p1 A1 D Oei [±p1 A1.i; j/]OeT
j

where Oei is the i th basis vector.
This suggests that it is not necessary to use a full 7 £ 7 identity

matrix to represent ±p1 A1 as indicated in Fig. 3. One method for
minimizing the number of repeated entries in the structured uncer-
taintyblock 1 is to express the matrices A1; B1; C1 , and D1 in terms
of their singular value decomposition (e.g., A1 D UA1 6A1 V H

A1
), as

shown in Fig. 4 (Ref. 20). Here, 6A1 contains only the nonzero
singular values of A1. The uncertainty can now be expressed as

1 D ±p1 Ir1 £ r1

r1 D rank.A1/ C rank.B1/ C rank.C1/ C rank.D1/ · 2n C 2m

Fig. 4 Real parameter structured uncertainty—singularvalue decom-
position.

and the number of repeated entries in the structured uncertainty
block 1 is minimized.

Consider now all of the uncertain parameters p. The system, in-
cluding the uncertainty, can be expressed as

Px D NAx C NBu C U1d; y D NCx C NDu C U2d

z D V T
1 x C V T

2 u

where the matrices U1; U2; V1, and V2 are given by

U1 D UA1 UB1 0 0 ¢ ¢ ¢ UA5 UB5 0 0

U2 D 0 0 UC1 UD1 ¢ ¢ ¢ 0 0 UC5 UD5

V1 D

VA1 6A1 0 VC1 6C1 0 ¢ ¢ ¢ VA5 6A5 0 VC5 6C5 0

V2 D

0 VB1 6B1 0 VD1 6D1 ¢ ¢ ¢ 0 VB5 6B5 0 VD5 6D5

(7)

For the vehicle model considered herein, and if p is taken to
be p1, numerical values for the preceding matrices are given in
AppendixB. Further, the structureduncertaintyblock 1 (see Fig. 1)
relating the disturbance input vector d to the output vector z has the
following block diagonal form:

1 D diagf±p1 I11 £ 11; ±p2; ±p3; ±p4 I5 £ 5; ±p5 I5 £ 5g (8)

Note that the structural-mode frequency and damping parameter
uncertainty,±p2 and±p3, respectively,appearwitha multiplicityof1,
whereas the atmospheric-pressureuncertainty,±p1 , and mode-shape
parameter uncertainties,±p4 , and ±p5 , enter as repeated blocks.Re-
call that ±p1; ±p4; and ±p5 are lumped-parameterrepresentationsof
uncertain aerodynamic/propulsive pressure and mode-shape distri-
butions.

The structured-uncertainty form more precisely captures uncer-
tainty arisingdue to variations in lumped parameters. It is important
to note that in the development of this model form we were signif-
icantly aided by the availability of an analytic vehicle model from
Ref. 3. Furthermore, as mentioned earlier, the uncertaintiesare lim-
ited to small perturbations in the parameters.
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Analysis of the Uncertainty Models
Even though the robustness criteria, Eqs. (2), are for the closed-

loop system, analysis of the unstructureduncertainty models of the
open-loop system can be informative. In the � rst such analysis, let
p D fp1; p2g, and consider200 randomly generatedsets of values of
these parameters (i.e., pi : i D 1; : : : ; 200), each parameter lying in
its respective allowable range.

The bound on the uncertain matrix 1¤
a , determined from Eq. (5),

is plotted in Fig. 5 for p D fp1; p2g. Also shown in this � gure is
the same bound if only one source of uncertainty is considered.
This comparison gives information regarding the contribution of
each of the sourcesof uncertaintyto the total aggregate uncertainty.
This total uncertainty is quite large compared with the magnitude
of N¾ [ NG. j!/], especially near the aeroelastic-mode frequency of
18 rad/s. Of course, larger uncertainty implies greater dif� culty in
satisfying the criteria in Eqs. (2).

One frequentlymade assumption in the applicationof the stabil-
ity criteria in Eqs. (2) is that of a stable 1a . This of course assumes
that the uncertainty does not change the number of unstable poles
of the plant. However, due to the manner in which 1¤

a was derived
here, it should be clear that this 1a will not be stable. In fact, each
1a in 1¤

a has eigenvalues that include those of the nominal unsta-
ble plant. Hence the frequently made assumption of a stable 1a is
violated. However, to apply the Nyquist theory, one only requires
invariance of the number of unstable poles in G, over the range
of parameter uncertainty considered. Based on numerical results
obtained here, this requirement appears to be satis� ed, though all
of the members in the set 1¤

a are not stable. This tentative con-
clusion is based on an eigenanalysis of all G i I i D 1; : : : ; 200. Of
course, to perform such an analysis requires all G i to be available,
which is a limitation. Consequently, for performance of Nyquist-
based stability analysis on this class of vehicle with parameter un-
certainty,use of the structured-uncertainty form would appear more
appropriate.

As a second case analysis we will consider unmodeled dynamics
or, more speci� cally, neglected structural dynamics. The question
is whether one should use a model that includes structural dynam-
ics when these dynamics are uncertain or just to use a rigid-body
assumption and not to include elastic degrees of freedom in the
nominal model.

Now, consider the same true system G used in the previous
analysis. Again, this system includes the modeled � exible degrees
of freedom with the uncertain parameters p D p1 . Also, we now
take the nominal or design system model to be Grigid, the plant
transfer-function matrix obtained by eliminating the structural-
dynamic degrees of freedom via residualization.Finally, de� ne, as

Fig. 5 Bound on the additive uncertainty: ——, total uncertainty; – – – , individual uncertainty source.

before, NG to be the transfer-functionmatrix of the vehicle including
the modeled � exible degrees of freedom.

Therefore the additive uncertainty arising only due to neglecting
the structuraldynamics (ignoring parameter uncertainty for now) is

1rigid D NG ¡ Grigid

and thedifferencebetweenthe truesystemand the rigid-bodymodel,
G ¡ Grigid, may be expressed as

G ¡ G rigid D .G ¡ NG/ C . NG ¡ Grigid/

By observation,one sees that the uncertaintymatrix associatedwith
using a rigid-body model in this situation, denoted as 1¤

a C rigid , is
then

1¤
a C rigid D 1¤

a C 1rigid

where 1¤
a and 1rigid are as de� ned previously.

A plot of the bound of this uncertain matrix is shown in Fig. 6,
in which this bound is again compared with that for parameter un-
certainty only, or 1¤

a . Here the error introduced by the rigid-body
assumption is clearly identi� ed. This error signi� cantly increases
the uncertainty above ! D 1 rad/s, although at the nominal fre-
quency of the aeroelastic mode (18 rad/s) both uncertainty models
are about 40 dB in magnitude.The greater uncertaintyabove 1 rad/s
is important because the unstable mode for this study vehicle is at
about1.3 rad/s, and to stabilizethis mode will requiregain crossover
to be at least this frequency.Based on these results, it would appear

Fig. 6 Parametric and parametric + rigid unstructured uncertainty
bounds.
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Fig. 7 Control effectiveness and rigid unstructured uncertainty
bounds.

that the use of a � exible model is important here even if that model
has uncertain modal characteristics.

Asa thirdcaseanalysis,considertheuncertaintyintroduceddue to
uncertain control-powercoef� cients, or p D p2 D felevator control
power, diffuser control power, fuel-� ow control powerg. If the true
system is assumed to be rigid and only p2 is uncertain, similar to the
case in Ref. 7, for example, the additive uncertainty matrix would
be

1cs D Grigid

§0:2

§0:2

§0:2

This additive uncertainty re� ects the 20% parameter uncertainty in
p2.

Now, two modeling approacheswill be compared in terms of the
amount of uncertaintyintroduced.One modeling approachassumes
a rigid vehicle with uncertain p2, which leads to the preceding un-
certainty model 1cs . The second approach assumes known p2 but
includes the uncertainty due to the rigid-body assumption, which
leads to the uncertainty 1rigid de� ned earlier. The maximum singu-
lar values of 1rigid and 1cs are shown in Fig. 7. It is clear that in the
frequency range of the vehicle’s aeroelastic mode the uncertainty
associatedwith control effectiveness is smaller than the uncertainty
associatedwith neglectingthe structuraldynamics,whereas at other
frequenciesthe control-poweruncertaintyis larger.Hence, a control
law synthesized under a rigid-body assumption may not be robust
againsttheseunmodeledelasticeffects,even thoughit may be robust
against control-power uncertainty.

x D

h .ft/

u .ft/s/

® .rad/

µ .rad/

q .rad/s/

´ .¡/

Ṕ .1/s/

; u D
±pitch .rad/

Ad .¡/

Pm f .slug/s/
; y D

®m .rad/

q f .rad/s/

qa .rad/s/

P2 .atm/

M .¡/

Theng .lb/ft/

nx .g/

nz .g/

A D

0 0 ¡7:9248eC03 7:9248eC03 0 0 0

1:5026e¡04 ¡3:2374e¡03 ¡5:2818eC01 ¡3:2200eC01 2:3762e¡02 5:7314e¡01 7:5583e¡03

1:1744e¡07 ¡3:1848e¡07 ¡3:3921e¡02 0 1 1:4681e¡04 2:8801e¡06

0 0 0 0 1 0 0

¡5:7586e¡06 ¡9:6079e¡06 1:5833eC00 0 ¡5:1609e¡02 9:2411e¡02 ¡1:8285e¡04

0 0 0 0 0 0 1

¡7:4858e¡01 1:0158e¡01 2:4280eC03 0 ¡7:4847eC00 ¡3:1086eC02 ¡9:4975e¡01

Conclusion
The focus of this research is the developmentof uncertaintymod-

els, particularlyfor a class of � exible,high-speedatmospheric� ight
vehicles. These uncertainty models are required before modern,
multivariable robust control techniquesmay be applied. The poten-
tial sources of uncertainty for these vehicular systems is identi� ed
as uncertain aerodynamic and structural-dynamicmodeling. Three
different forms of uncertainty models were developed: a real pa-
rameter, an unstructured,and a structureduncertaintymodel. How-
ever, to derive these models from the physics, it was noted that sev-
eral assumptions were necessary. The uncertain parameters were
assumed to be independent, the uncertainty was small compared
with the nominal values of the parameters, and that uncertain aero-
dynamic and structural-dynamicmodeling can in fact be appropri-
ately represented as uncertainty in a lumped parameter. Also, some
frequently made assumptions concerning properties of the uncer-
tainty model were found to be violated. For example, the unstruc-
tured uncertaintymodel developed for this class of vehicle is unsta-
ble. Hence, assumptionsmade about the existence and propertiesof
such uncertaintymodels for some arbitrary � ight system may not be
justi� ed.

It was shown that the parametric uncertainty considered herein
manifests itself as large uncertainty over a wide frequency range,
with peak uncertainty magnitude centered at the modal frequency
of the (modeled) � rst aeroelasticmode. As a result of this large un-
certainty, it may be quite dif� cult to meet stability and performance
robustnessrequirementsfor the feedbacksystems for thesevehicles.
Furthermore, in cases for which the system is not square,which may
frequently occur, two criteria for robustness must be utilized when
an unstructured uncertainty model is used for robustness analysis.
But because the criteria are suf� cient and not necessary,satisfaction
of only one of these conditions guarantees robustness.

In spite of the large uncertaintyat the aeroelasticmode frequency,
assuming the vehicle to be rigid introduces greater (and unaccept-
able) uncertainty in the model. This, along with the fact that robust-
ness criteria depend on the size of the uncertainty, indicates that a
rigid-bodyassumptionwould not appearappropriatefor this class of
vehicle.Furthermore, robustnesspropertiesof multivariablecontrol
laws obtained through the use of a nominally rigid-body vehicle
model and an uncertainty model that does not consider unmodeled
structural dynamics will almost certainly not be valid.

Appendix A: Linear System Model

Px D Ax C Bu; y D Cx C Du

with the state, control, and output vectors de� ned as
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C D

0 0 1 0 0 1:7453e¡02 0

0 0 0 0 1 0 1:7453e¡02

0 0 0 0 1 0 ¡1:7453e¡02

¡4:6971e¡05 2:0641e¡04 6:2428eC00 0 ¡1:0921e¡02 1:0896e¡01 0

¡5:3709e¡06 1:0095e¡03 0 0 0 0 0

¡3:5754e¡01 6:0213e¡01 1:8399eC04 0 ¡3:2185eC01 3:2112eC02 0

4:6665e¡06 ¡1:0054e¡04 ¡1:6403eC00 0 7:3794e¡04 1:7799e¡02 2:3473e¡04

¡2:8902e¡05 7:8381e¡05 8:3483eC00 0 ¡9:8275e¡03 ¡3:6132e¡02 ¡7:0883e¡04

B D

0 0 0

¡6:4349eC01 ¡7:4619eC01 1:7175eC02

¡1:4482e¡02 ¡1:5955e¡02 ¡3:0690e¡03

0 0 0

¡2:4548eC00 8:1106e¡01 7:0711e¡01

0 0 0

6:7395eC02 ¡2:9252eC01 3:0100eC01

; D D

0 0 0

0 0 0

0 0 0

0 ¡7:2289eC00 0

0 0 0

0 ¡3:1581eC04 8:1676eC04

¡1:9984eC00 ¡2:3174eC00 5:3337eC00

3:5643eC00 3:9266eC00 7:5531e¡01

Appendix B: Structured Uncertainty Model

U1 D

0 0 6:7709e¡12 ¡1:5884e¡09 0 0 0

4:8967e¡02 ¡9:8651e¡01 1:5619e¡01 ¡2:2723e¡03 ¡9:4453e¡02 9:9553e¡01 ¡2:3734e¡03

1:4397e¡05 ¡2:7359e¡04 ¡1:6279e¡02 ¡9:9987e¡01 ¡2:1179e¡05 1:7756e¡05 ¡1:3655e¡02

0 0 0 0 0 0 0
¡7:3835e¡04 ¡1:5643e¡01 ¡9:8756e¡01 1:6121e¡02 ¡3:6395e¡03 2:0392e¡03 9:9990e¡01

0 0 0 0 0 0 0

¡9:9880e¡01 ¡4:8248e¡02 8:3873e¡03 ¡1:3773e¡04 9:9552e¡01 9:4461e¡02 3:4300e¡03

0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 1:6933e¡05 9:9852e¡01 5:4466e¡02 0 0 5:2927e¡05 9:9927e¡01

0 0 0 0 0 0 2:5997e¡09 1:5330e¡04 ¡9:2115e¡03 0 0 1:0459e¡08 1:9748e¡04

0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 ¡9:2363e¡07 ¡5:4466e¡02 9:9847e¡01 0 0 2:0203e¡06 3:8144e¡02

0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 ¡1 ¡1 ¡1:0000eC00 1:6958e¡05 0 0 0 ¡1:0000eC00 5:2965e¡05

0 0 0

3:8144e¡02 0 0

¡6:2197e¡03 0 0

0 0 0

¡9:9925e¡01 0 0

0 0 0

¡5:3777e¡12 1 0

U2 D

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 ¡5:5289e¡05 ¡1:0000eC00 4:6506e¡05 ¡1:0000eC00 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 1:0000eC00 ¡5:5289e¡05 1:0000eC00 4:6506e¡05 0 0 0 0

0 5:4352e¡05 0 0 0 0 0 0

0 0 0 0 0 0 0 1

0 0 0 0 0 0 0 0

0 3:3931e¡04 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 1:0000eC00 0 0 0 0 0 0
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V1 D

2:7446e¡04 ¡4:7870e¡04 8:1498e¡05 ¡1:2947e¡06 0 0 0 1:9133e¡01 ¡5:6838e¡05 0 0

¡1:0045e¡01 ¡9:4094e¡04 1:8222e¡04 ¡3:0509e¡06 0 0 0 4:6541e¡01 ¡4:0129e¡05 0 0

¡2:4120eC03 4:0022e¡03 ¡3:2770e¡07 ¡7:8076e¡10 0 0 0 9:1043eC03 3:2448e¡09 0 0

0 0 0 0 0 0 0 0 0 0 0

7:4459eC00 3:0293e¡01 ¡9:4385e¡04 ¡4:6303e¡06 0 0 0 ¡1:5926eC01 ¡5:6763e¡12 0 0

¡1:2802eC01 ¡5:7778e¡01 ¡4:9881e¡04 ¡2:3670e¡06 0 0 0 1:5890eC02 5:6633e¡11 0 0

2:2984e¡01 3:6572e¡03 ¡5:6586e¡04 8:6410e¡06 0 0 0 0 0 0 0

0 0 7:4139e¡01 ¡1:2572e¡05 3:3085e¡13 0

0 0 ¡6:3512e¡02 1:0770e¡06 ¡2:8343e¡14 0

0 0 ¡1:5744eC03 2:6698e¡02 ¡7:0257e¡10 0

0 0 0 0 0 0

0 0 1:2620eC01 ¡2:1400e¡04 5:6317e¡12 0

6:4800eC02 0 ¡5:5238eC01 ¡7:6093e¡01 ¡7:3172e¡07 3:2112eC02

7:2000e¡01 7:2000e¡01 3:4438e¡01 4:6174e¡03 ¡1:2058e¡04 0

0 7:1955e¡03 ¡3:8112e¡07 3:8696e¡14 0 0

0 ¡3:8066e¡02 2:0162e¡06 ¡2:0471e¡13 0 0

0 ¡8:5365eC02 4:5214e¡02 ¡4:5907e¡09 0 0

0 0 0 0 0 0

0 ¡5:1351eC00 2:7198e¡04 ¡2:7615e¡11 0 0

0 2:8949eC01 1:3333eC00 1:6983e¡07 0 0

1:7453e¡02 1:1511e¡01 2:9474e¡03 ¡7:6753e¡05 0 ¡1:7453e¡02

V2 D
0 0 0 0 6:7702eC02 ¡4:0364e¡01 9:9944e¡03 0 0 0 0 0

0 0 0 0 2:1322eC01 1:9881eC01 ¡3:0061e¡01 0 0 5:7608eC03 ¡4:7662eC00 0

0 0 0 0 ¡2:9978eC00 5:0249eC01 1:1902e¡01 0 0 2:4298eC04 1:1300eC00 0

0 0 0 0 0 0 0 0 0 6:7395eC02 0

0 0 0 0 0 0 0 0 0 ¡2:9252eC01 0

0 0 0 0 0 0 0 0 0 3:0100eC01 0
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